Introduction
Yau's conjecture † ( [24] , pp.49-50) suggests a strong correlation between stability of polarized algebraic manifolds and the existence of extremal metrics in the polarization class (cf. [23] , [2] , [9] ). Especially, for Kähler metrics of constant scalar curvature, the following is still open as an interesting conjecture:
Conjecture (Tian [23] , Donaldson [3] ). A polarized algebraic manifold (M, L) is K-stable if and only if the polarization class c 1 (L) R admits a Kähler metric of constant scalar curvature.
For "if" part of this conjecture, Chen-Tian [1] and Donaldson [5] showed that a polarized algebraic manifold (M, L) is K-semistable when the class c 1 (L) R admits a Kähler metric of constant scalar curvature. Very recently, by an effective use of moduli spaces, Stoppa [22] proved a stronger result showing that a polarized algebraic manifold (M, L) with a Kähler metric of constant scalar curvature in c 1 (L) R is K-stable if the group Aut(M, L) of holomorphic automorphisms of (M, L) is discrete. The purpose of this paper is to extend Stoppa's result to the following general case without assuming such discreteness: † Its vector bundle counterpart known also as the Hitchin-Kobayashi correspondence is affirmative by the works of Kobayashi, Lübke, Donaldson, Uhlenbeck and Yau.
It should be emphasized that one of the main ingredients of this paper is the energy-theoretic approach to K-stability as in Tian [23] (see also [1] ), where in our actual proof of Main Theorem, the logarithm of the Chow norm is used in place of the K-energy. To see this clearly, for a connected Fano manifold X, we consider a special degeneration pr : X → ∆ 1+ε (= { z ∈ C ; |z| < 1 + ε }) of X as in [23] , so that the fiber X 1 := pr −1 (1) is just X. Then we take a holomorphic embedding
with pr = π 1 such that π * 2 O P N−1 (C) (1) coincides with the relative canonical sheaf K X /∆ on the regular part X reg of X , where π 1 (resp. π 2 ) denotes the restriction to X of the projection of the product ∆×P N −1 (C)
to the first (resp. second) factor. Let ψ : C * → SL(N, C)
be an algebraic group homomorphism chosen in such a way that the induced action of t ∈ C * , |t| ≤ 1, on ∆ × P N −1 (C) defined by ∆ × P N (C) ∋ (z, p) → (tz, ψ(t) · p) ∈ ∆ × P N −1 (C) maps X into X . Then for the Fubini-Study form ω FS on P n , let f = f (s) be the real-valued function defined by
where κ denotes the K-energy map. Recall that lim s→−∞ḟ (s) is just the real part of the generalized Futaki invariant of the central fiber X 0 , and if X admits a Kähler-Einstein metric, then X is weakly Kstable in the sense of Tian (denoted enegy-theoretically K-stable in this paper), i.e., the limit is always negative for all nontrivial special degenerations. Lemma 4.8 in this paper shows that Donaldson's K-stability for a general L can be characterized also energy-theoretically, where in the definition of f m in (4.7), the K-energy appearing in the expression (1.1) for f is replaced by the logarithm of the Chow norm.
This paper is organized as follows: In Section 2, we fix notation by defining K-stability (by Donaldson). In Section 3, by [11] , we describe the asymptotic behavior of the k-th weighted balanced metric ω k , as k → ∞. In Section 4, we study the relationship between the Futaki invariant of a test configuration and the asymptotic behavior of the Chow norm of fibers (cf. Lemma 4.8). Finally in Section 5, based on the preceding sections, a proof for Main Theorem will be given by developing the Chow norm method in [9] and [10] , where the results of Phong and Sturm [19] are used to estimate the second derivative of the Chow norm.
K-stability
In this paper, by a polarized algebraic manifold (M, L), we mean a pair of a smooth projective algebraic variety M, defined over C, and a very ample line bundle L over M. Let H be the maximal connected linear algebraic subgroup of the identity component Aut 0 (M) of the group of all holomorphic automorphisms of M, so that Aut 0 (M)/H is an Abelian variety (cf. [6] ). Replacing L by its suitable positive integral multiple if necessary, we can choose an H-linearization of L (cf. [16] ). Fix the natural action of the group T := C * on the complex affine line
Let π : M → A 1 be a T -equivariant projective morphism between complex varieties with an invertible sheaf L on M, relatively very ample over A 1 , where the algebraic group T acts on L, linearly on fibers, lifting the T -action on M. For each z ∈ A 1 , we put
where M z := π −1 (z) denotes the scheme-theoretic fiber of π over z.
Then the following notion of a test configuration is defined by Donaldson [3] (see special degenerations by Tian [23] ). Actually, the pair (M, L) with a flat family
is called a test configuration for (M, L), if for some positive integer ℓ, there exist the following isomorphisms of polarized algebraic manifolds
In the special case when M = M × A 1 , a test configuration is called a product configuration, where for such a configuration, T does not necessarily act on the first factor M trivially.
Given a test configuration π : M → A 1 for (M, L), we consider the vector bundles E m over A 1 by
over the origin is preserved by the T -action ρ m , we can talk about the weight w m of the T -action on det (E m ) 0 . Put n := dim C M, and we consider the degree d m of the image of the Kodaira embedding
where
for some rational numbers a i , b j ∈ Q independent of the choice of m. Note here that a
with coeficients F i = F i (M, L) ∈ Q independent of the choice of m.
In particular
is called the Futaki invariant for the test configuration. In contrast to the energy-theoretic one by Tian, the following K-stability is given by Donaldson [3] :
, it reduces to a product configuration if and only if F 1 (M, L) vanishes.
In this paper, we fix once for all
for all positive integers i and j, and hence to discuss K-stability of (M, L), replacing L by its suitable positive multiple if necessary, we may assume that dim
) and that the natural homomorphisms
are surjective for all z ∈ A 1 . We can see this easily by the fact that, if L is replaced by its very high multiple while L is fixed, then ℓ becomes large so that the assumptions above are automatically satisfied (cf. [14] ; see also [12] , Remark 4.6).
Finally, as remarked in [5] , Lemma 2, we have the following theorem of equivariant trivialization for E m : Fact 2.6. Let H 1 be a Hermitian metric on the vector space (E m ) z at z = 1. Then there is a T -equivariant trivialization
taking H 1 to a Hermitian metric, denoted by H 0 , on the central fiber (E m ) 0 which is preserved by the action of
Asymptotic behavior of weighted balanced metrics
Now choose a Hermitian metric h ∞ for L such that ω ∞ = c 1 (L, h ∞ ). Let ℓ be as in (2.1). Following [11] , Section 2, we here study the asymptotic behavior of the weighted balanced metrics for polarized algebraic manifolds (M, L mℓ ) as m → ∞. For the linear algebraic group H in the previous section, choose the maximal compact subgroup K of H such that ω ∞ is K-invariant (cf. [7] ). Then for the identity component Z of the center of K, take its complexfication Z C in H. For the H-linearization of L in the previous section, there exist mutually distinct characters χ m;1 , χ m;2 , . . . , χ m;νm ∈ Hom(Z C , C * ) such that the vector space V m is written as a direct sum
corresponding to the real Lie subgroup Z of Aut(M). Putẑ :
where (σ, σ ′ ) h denotes the pointwise Hermitian inner product of σ, σ ′ by the m-multiple of h. Then by this Hermitian pairing , h , we have
Put n m;i := dim C V (χ m;i ). Let P m be the set of all pairs (i, α) of integers such that 1 ≤ i ≤ ν m and 1 ≤ α ≤ n m;i . For the Hermitian pairing in (3.1), we say that an orthonormal basis
for each Y ∈ẑ and x = (x 1 , x 2 , . . . , x νm ) ∈ R νm , where we put |σ| 2 h := (σ, σ) h for all σ ∈ V m , and (χ m;i ) * :ẑ → R, i = 1, 2, . . . , denote the differentials at g = 1 of the restriction toẑ of the characters χ m;i :
and consider
where q := m −1 and
Then fixing a sufficiently large positive integer k, we see from [8] , Theorem B, that there exist 6 vector fields Y j ∈ẑ, real numbers r j ∈ R, j = 1, 2, . . . , k, and a Kinvariant Hermitian metric u m for L such that
Step 5, the proof of Lemma 3.4 in [9] allows us to make a perturbation of h m via the action of exp(p ′′ m ) (see [10] for the definition of p ′′ m ) to obtain a critical point for the Chow norm. Then by (3.3) and (3.4), we obtain from [8] , pp.574-576, a K-invariant Hermitian metric h m for L such that, for some
where we set ω m := c 1 (L; h m ). For an admissible orthonormal basis { σ i,α ; (i, α) ∈ P m } for V m with the pairing , hm , by setting we see from (3.5) and (3.7) the following:
where, in view of [10] , Lemma 2.6, there exists a positive constant C 1 independent of the choice of m ≫ 1 and i such that Then by (3.8) and (3.9), we obtain
The Chow norm and the Futaki invariant
In this section, we fix a Hermitian metric H 1 on V m , where (E m ) s at s = 1, denoted by (E m ) 1 , is identified with V m . By the trivialization (2.7), H 1 induces a Hermitian metric H 0 on (E m ) 0 . Then
admits the Chow norm (cf. Zhang [25] , 1.5; see also §4 in [8] )
Choose an elementM m of W * m such that the corresponding point [M m ] in P * (W m ) is the Chow point for the reduced effective algebraic cycle 
over A 1 , where by (2.6) the projective bundle P * (E m ) over A 1 is viewed as product bundle
where on the right-hand side, the element ψ m (s) in GL((E m ) 0 ) acts naturally on P * ((E m ) 0 ) as a projective linear transformation. Note that M 1 is nothing but γ 1 as an algebraic cycle, and that M 0 is preserved by the T -action on P * ((E m ) 0 ).
Let us now consider the N m -fold coveringT := {t ∈ C * } of the algebraic torus T := { t ∈ C * } by setting t =t Nm for t andt. Then the mapping ψ we can regard each M z as a subscheme
Then by (4.3), the algebraic cycle γ z is nothing but M z viewed just as an algebraic cycle on P * ((E m ) 0 ) counted with multiplicities. In particular, γ 0 is the T -invariant algebraic cycle on P * ((E m ) 0 ) associated to the subscheme M 0 counted with multiplicities. 
Here by (4.1), the group GL((E m ) 0 ) acts naturally on W * m , and hence acts also on P * (W m ). We now consider the function
Putḟ m (s) := (df m /ds)(s). The purpose of this section is to show the following (see Phong and Sturm [20] , eqn 7.29, for the leading term; see also [5] , p.464-467):
Lemma 4.8. Let a n be as in (2.3). Then the functionḟ m (s) has a limit, as s → −∞, written in the following form for m ≫ 1:
Proof: Since γ 0 is preserved by theT -action on (E m ) 0 , the Chow point [M (0) ] for γ 0 is fixed by theT -action on P * (W m ), i.e., for some q m ∈ Z,
where the left-hand side isψ m (t) ·M Hence it suffices to show that q m /N m admits the asymptotic expansion as in the right-hand side of (4.9) above. Consider the graded algebra
where via ψ SL m , the groupT acts on (E m ) 0 and hence on (E km ) 0 . Then by [15] , Proposition 2.11, the weight p k for theT -action on det(E km ) 0 satisfies the following:
i.e., there exists a constant C > 0 independent of k, possibly depending on m, such that the left-hand side of (4.13) has absolute value bounded by Ck n for positive integers k. Recall the definition of w km and w m in .14) p
Here the term N m w mk in the right-hand side of (4.14) is the weight int for det(E km ) 0 induced from the action on (E m ) 0 by the numerator ψ m (t) in (4.4), since it is nothing but the weight int for the action of ψ mk (t) on det(E km ) 0 , while in view of the natural surjective homomorphism
the term k w m N km is just the weight int induced from the scalar action on (E m ) 0 by the denominator of (4.4). Then for k ≫ 1, by (4.14) and (2.4), we obtain
where the last equality ifollows from (2.3) applied to km. Then by comparing this with (4.13), and then by (2.4), we obtain
as required.
Proof of Main Theorem
In this section, by using the notation in (3.1), we choose , hm as the Hermitian metric H 1 for V m in Section 4, where h m is as in (3.6). For the corresponding Chow norm
we consider the real-valued function f m on R as in (4.7). For the oneparameter groupψ m :T → G m , the vector space (E m ) 0 admits an orthonormal basis T := { τ 1 , τ 2 , . . . , τ Nm } such that, for some e i ∈ Q with Σ Nm α=1 e α = 0, we have
modulo the action of Π m . By the associated Kodaira embedding M 0 ֒→ P * ((E m ) 0 ), we regard M 0 as a subscheme
where we identify P * ((E m ) 0 ) with
by the basis T . Since we regard (E m ) 1 just as V m , the identification (2.7) allows us to obtain a basis
Nm } for V m corresponding to the basis T for (E m ) 0 . Note that this basis T ′ is orthonormal with respect to the Hermitian metric H 1 = , hm . Then the Kodaira embedding Φ |L ℓm | :
where we identify
By (3.10), we here observe that
on M. For the function f m (s) in (4.7), we first give an estimate of the fist derivativeḟ m (0). In view of [25] (see also [8] ),
where by (3.8) and (3.9), we observe that
Now, we can rewrite (5.4) in the forṁ
where the last equality follows from
All weights e α forψ m have absolute value bounded by C 2 m for some constant C 2 > 0 independent of both α and m, i.e., By [25] (see also [8] , 4.5),f m (s) ≥ 0 for all s ∈ R. In (4.9), let m → ∞. Then by (5.8), we obtain F 1 ≤ 0, i.e., K-semistability of (M, L) follows.
To show K-stability, we now assume that F 1 = 0 for the test configuration above. Then by Lemma 4.8, 
Then the pointwise estimate (cf. [19] , (5.16)) for the second fundamental form for this exact sequence is valid also in our case (cf.
[9], Step 2), and as in [19] , (5.15), we obtain the inequality (5.13)
where C 4 is a positive real constant independent of the choice of m. The second derivativef m (s) is (see for instance [8] , [19] ) given by
ϕ m , m = 1, 2, . . . , are uniformly bounded satisfying (cf. [9] , (4.5))
For M as a submanifold of P Nm−1 (C) in (5.2), we consider the sheaves we consider the operator
where∂ # is the formal adjoint of∂ : Therefore, in view of (5.14) and δ = O(q log m), we obtain 
